Abstract. In this paper, we propose a new approximate method, namely fractional natural decomposition method (FNDM) in order to solve a certain class of nonlinear time-fractional wave-like equations with variable coefficients. The fractional natural decomposition method is a combined form of the natural transform method and the Adomian decomposition method. The nonlinear term can easily be handled with the help of Adomian polynomials which is considered to be a clear advantage of this technique over the decomposition method. Some examples are given to illustrate the applicability and the easiness of this approach.
Introduction
Fractional differential equations, as generalizations of classical integer order differential equations, are gradually employed to model problems in fluid flow, finance, physical, hydrological, biological processes and systems [6, 7, 8, 9] .
The most frequent used methods for investigating fractional differential equations are: Adomian decomposition method (ADM) [1] variational iteration method (VIM) [12] , generalized differential transform method (GDTM) [10] , homotopy analysis method (HAM) [3] , homotopy perturbation method (HPM) [11] . Also, there are some other classical solution techniques such as Laplace transform method, fractional Green's function method, Mellin transform method and method of orthogonal polynomials [8] .
In this paper, the main objective is to solve a certain class of nonlinear timefractional wave-like equation with variable coefficients by using a modified method called fractional natural decomposition method (FNDM) which is a combination of two powerful methods, the Natural transform and the Adomian decomposition method.
Consider the following nonlinear time-fractional wave-like equations 
with initial conditions v(X, 0) = a 0 (X), v t (X, 0) = a 1 (X),
where D α t is the Caputo fractional derivative operator of order α, 1 < α ≤ 2. Here X = (x 1 , x 2 , ..., x n ), F 1ij , G 1i i, j ∈ {1, 2, ..., n} are nonlinear functions of X, t and v, F 2ij , G 2i i, j ∈ {1, 2, ..., n} , are nonlinear functions of derivatives of v with respect to x i and x j i, j ∈ {1, 2, ..., n} , respectively. Also H, S are nonlinear functions and k, m, p are integers.
For α = 2, these types of equations are of considerable significance in various fields of applied sciences, mathematical physics, nonlinear hydrodynamics, engineering physics, biophysics, human movement sciences, astrophysics and plasma physics. These equations describe the evolution of erratic motions of small particles that are immersed in fluids, fluctuations of the intensity of laser light, velocity distributions of fluid particles in turbulent flows.
Basic definitions
In this section, we introduce some definitions and important properties of the fractional calculus, the natural transform, and the natural transform of fractional derivatives, which are used further in this paper.
Fractional calculus
Definition 1 [8] A real function f(t), t > 0, is considered to be in the space C µ , µ ∈ R if there exists a real number p > µ, so that f(t) = t p h(t), where h(t) ∈ C ([0, ∞[), and it is said to be in the space C n µ if f (n) ∈ C µ , n ∈ N.
Definition 2 [8]
The Riemann-Liouville fractional integral operator I α of order α for a function f ∈ C µ , µ ≥ −1 is defined as follows
where Γ (.) is the well-known Gamma function.
Definition 3 [8]
The fractional derivative of f(t) in the Caputo sense is defined as follows
where n − 1 < α ≤ n, n ∈ N, f ∈ C n −1 .
For the Riemann-Liouville fractional integral and Caputo fractional derivative, we have the following relation
Definition 4 [8] The Mittag-Leffler function is defined as follows
A further generalization of (6) is given in the form
For α = 1, E α (z) reduces to e z .
Natural transform
Definition 5 [2] The natural transform is defined over the set of functions is defined over the set of functions
by the following integral
Some basic properties of the natural transform are given as follows [2] .
Property 1
The natural transform is a linear operator. That is, if λ and µ are non-zero constants, then
Property 2 If f (n) (t) is the n-th derivative of function f(t) w.r.t. "t" then its natural transform is given by
Property 3 (Convolution property) Suppose F + (s, u) and G + (s, u) are the natural transforms of f(t) and g(t), respectively, both defined in the set A.
Then the natural transform of their convolution is given by
where the convolution of two functions is defined by
Property 4 Some special natural transforms
Property 5
If α > −1, then the natural transform of t α is given by
Natural transform of fractional derivatives
is the natural transform of f(t), then the natural transform of the Riemann-Liouville fractional integral for f(t) of order α, is given by
Proof. The Riemann-Liouville fractional integral for the function f(t), as in (3), can be expressed as the convolution
Applying the natural transform in the Eq. (10) and using Properties 3 and 5, we have
The proof is complete.
Theorem 2 n ∈ N * and α > 0 be such that n − 1 < α ≤ n and R + (s, u) be the natural transform of the function f(t), then the natural transform denoted by R + α (s, u) of the Caputo fractional derivative of the function f(t) of order α, is given by
Proof. Let g(t) = f (n) (t), then by the Definition 3 of the Caputo fractional derivative, we obtain
Applying the natural transform on both sides of (12) using Eq. (9), we get
Also, we have from the Property 2
Hence, 13 becomes
FNDM of nonlinear time-fractional wave-like equations with variable coefficients
Theorem 3 Consider the following nonlinear time-fractional wave-like equations (1) with the initial conditions (2).
Then, by FNDM, the solution of Eqs. (1)- (2) is given in the form of infinite series as follows
Proof. In order to to achieve our goal, we consider the following nonlinear time-fractional wave-like equations (1) with the initial conditions (2).
First we define
Eq. (1) is written in the form
Applying the natural transform on both sides of (16) and using the Theorem 2, we get
After that, let us take the inverse natural transform on both sides of (17) we have
where L(X, t) is a term arising from the source term and the prescribed initial conditions. Now, we represent the solution in an infinite series form
and the nonlinear terms can be decomposed as
where A n , B n and C n are Adomian polynomials [13] , of v 0 , v 1 , v 2 , .., v n , and it can be calculated by formula given below
Using Eqs. (19) and (20), we can rewrite Eq. (18) as
By comparing both sides of Eq. (22) we have the following relation
and so on. In general the recursive relation is given by
Then, the solution of Eqs. (1)- (2) is given in the form of infinite series as follows
Theorem 4 Let B be a Banach space, Then the series solution of the Eqs.
(1)-(2) converges to S ∈ B , if there exists γ, 0 < γ < 1 such that
Proof. Define the sequences S n of partial sums of the series given by the recursive relation (24) as
and we need to show that {S n } are a Cauchy sequences in Banach space B. For this purpose, we consider
For every n, m ∈ N, n ≥ m, by using (26) and triangle inequality successively, we have
Since 0 < γ < 1, so 1 1 − γ n−m ≤ 1 then
Since v 0 is bounded, then
Therefore, the sequences {S n } are Cauchy sequences in the Banach space B, so the series solution defined in (25) converges. This completes the proof. v n (X, t) = v 0 (X, t) + v 1 (X, t) + v 2 (X, t) + ...
Appliquations and numerical results
In this section, we apply the (FNDM) on three examples of nonlinear timefractional wave-like equations with variable coefficients and then compare our approximate solutions with the exact solutions.
Example 1 Consider the 2-dimensional nonlinear time-fractional wave-like equation with variable coefficients
with initial conditions
where D α t is the Caputo fractional derivative operator of order α, and v is a function of (x, y, t) ∈ R 2 × R + .
By applying the steps involved in (FNDM) as presented in Section 3 to Eqs. 
where E α (−t α )e xy and E α,2 (−t α ) are the Mittag-Leffler functions, defined by Eqs. (6) and (7). Taking α = 2 in (29), the solution of Eqs. (27)-(28) has the general pattern form which is coinciding with the following exact solution in terms of infinite series
So, the exact solution of Eqs. (27)-(28) in a closed form of elementary function will be v(x, y, t) = (cos t + sin t) e xy , which is the same result obtained by (ADM) [4] and (HPTM) [5] , for the same test problem. 
where D α t is the Caputo fractional derivative operator of order α, and v is a function of (x, t) ∈ ]0, 1[ × R + .
By applying the steps involved in (FNDM) as presented in Section 3 to Eqs.
. . . 
where E α (t α ) and E α,2 (t α ) are the Mittag-Leffler functions, defined by Eqs. (6) and (7). Taking α = 2 in (32), the solution of Eqs. (30)-(31) has the general pattern form which is coinciding with the following exact solution in terms of infinite series
So, the exact solution of Eqs. (30)- (31) in a closed form of elementary function will be v(x, t) = e x+t , which is the same result obtained by (ADM) [4] and (HPTM) [5] , for the same test problem. 
where D α t is the Caputo fractional derivative operator of order α, and v is a function of (x, t) ∈ ]0, 1[ × R + . 
Conclution
In this paper, the (FNDM) has been successfully applied to study a certain class of nonlinear time-fractional wave-like equations with variable coefficients. The results show that the (FNDM) is an efficient and easy to use technique for finding approximate and exact solutions for this equation. The obtained approximate solutions using the suggested method is in excellent agreement with the exact solution. This confirms our belief that the efficiency of our technique gives it much wider applicability for general classes of nonlinear problems.
